This paper examines the balance between operating theatre and bed capacity in a specialist facility providing elective heart and lung surgery. The capacity of the whole facility is determined by the availability of operating theatre time and Intensive Care beds: without both resources surgery has to be postponed. Although the admissions can be managed, there are significant stochastic components, notably the cancellation of theatre procedures and patients' length of stay on the Intensive Care Unit. A simulation was constructed to explore the interdependencies of resource availabilities and the daily demand. The model was developed with clinical and management staff to explore options for expanding the capacity of the whole facility. Ideally the bed and theatre capacity should be well balanced but unmatched increases in the capacity of either resource can still be beneficial. The study provides an example of a capacity planning problem in which there is uncertainty in the demand and availabilities of two symbiotic resources.
Background
The Heart and Lung Centre (HLC) at the Golden Jubilee National Hospital was established in 2008 as specialist National Health Service (NHS) facility for cardiac and thoracic surgery. A key component is the Intensive Care Unit (ICU) which is essential for many patients undergoing the specialist procedures at the HLC. A distinguishing feature of this ICU is that the large majority of the activity is elective: a patient's surgery can only proceed if there is both operating theatre time and an ICU bed available otherwise it is postponed to another day. Capacity planning for surgical specialties often focuses on the operating theatres: the beds are regarded as a secondary resource requirement that seldom constrains the overall capacity (Guerriero, 2011) . However, capacity in a facility such as the HLC depends on the balance of operating theatre and ICU bed availability. The formation of the HLC involved a transfer of staff and resources from a variety of hospitals, with a reorganisation of working practices. The new centre was unable to meet demand, resulting in significant waiting lists; this study examined the options for enhancing the capacity of the HLC.
Cardiac and thoracic surgery have a high profile and their waiting lists attract particular attention. However, the services are also expensive, especially since many patients require an ICU stay involving 24 hour care from a dedicated nurse. Given typical working patterns this implies 5.9 nurses for every bed though this ratio varies depending on local conditions and the physical layout of the ICU. In addition to the dedicated ICU nurse the need for other support and supervisory staff, and specialised equipment all add to the cost of care in an ICU.
Modelling ICU's and the balance of resources
The need for rigorous analysis when planning Intensive or Critical Care Units is reflected in the many operational research studies of subject. Most ICU's have to cope with a large stochastic demand generated by emergency admissions, and simulation is often employed as the prime analytical tool (Kim, 1999 (Vanberkel et al., 2010 ) may assume that surgery will not be postponed due to a lack of a bed but this is a very real possibility in the HLC. In the HLC, the elective surgery is characterised by a very high proportion of the patients requiring at least a short ICU stay: a surgical procedure will only begin if an ICU bed is available. While long delays would not be acceptable, surgery can often be postponed for a few days providing some scope to manage admissions. Synchronising the use of operating theatre time and ICU beds is a major organisational challenge at the HLC: both are expensive (ISD Scotland, 2011) and need to be well managed. Although much of the HLC activity can be planned, theatre procedures may be cancelled for a variety of reasons and a patient's length of stay on the ICU is highly variable and unpredictable. This introduces a significant stochastic element and adds to the management challenge.
Capacity planning studies often consider the trade-off between service level and the utilisation of one dominant resource, as when considering ICU bed provision and the implications for rejecting or diverting patients (Kim, 1999) . Many models do not include crucial management responses to demand; in reality there may be opportunities to manage admissions, as in the HLC, or expedite patient transfer or discharge of patients. Ignoring such management responses can lead to overestimates of the capacity requirements (Costa et al., 2003) . In some units, there may be the possibility to expedite the transfer of some patients out of the ICU if occupancy levels are high, or extending the stay when occupancy is low (Mallor & Azcárate, 2011) . Such responses were not identified at the HLC, though further investigation could be useful. Another study incorporating management responses considered the possibility of revising the schedules of the operating theatres feeding the ICU (Kolker, 2009) , producing a smoother flow of activity that improved the service levels, assuming a fixed bed capacity. The HLC has to manage both ICU bed stay and operating theatre time, striving to achieve a balance between the utilisation of these expensive, scarce resources and the overall service level.
Referrals and Length of stay
A key component of demand for the HLC was the number of referrals for surgery. However, estimates of elective referrals require some caution and simply using historic admissions to the HLC as a measure of demand can be misleading; treatment may be postponed either as a result of a lack of capacity or the personal characteristics and preferences of the patient. This problem can be avoided by using longer time series but changes in practice may cast some doubt about the relevance of older data. The problem was aggravated at the HLC since it had only been operational for a relatively short time and referral practices were still evolving. At the time of the study, ICU admissions were typically 25-30 per week, with 90% coming from cardiac surgery. Increases in some waiting lists suggested that additional capacity was required. The data quoted in throughout this paper should be regarded as illustrative of an early phase of the development of the new HLC; practice has evolved and the data do not necessarily reflect current experience at the HLC.
The other component of demand for the ICU is the length of stay. This is highly variable, as illustrated by the empirical distribution of patients' ICU stay in (Litvak et al., 2008 ) and this provides an approximate but imperfect fit to the HLC length of stay data, as illustrated in Fig.1 . However, it has been suggested that while an exponential distribution can provide a reasonable fit for emergency ICU stay it is not appropriate for elective patients (Kim, 1999 ). In the current application, an order 2 hyperexponential model offers some improvement but an order 3 model provides a significantly better fit, as illustrated in Fig.1 . The best fit parameters for the proportions and negative exponential coefficients are included in Table 1 . This length of stay model suggests three categories of patients, relating well to clinicians' practical distinctions (Vasilakis & Marshall, 2005) . The patients in the third category deserve particular attention: the relatively high probability of a long stay may well be the result of a combination of particularly difficult surgery and co-morbidity. The potential of a long stay on the ICU may be inevitable for some patients but perhaps others might benefit from having their surgery postponed until they are in a medical state that might reduce the chance of such a long stay. Some studies have noted a correlation between the ICU length of stay and the severity of a patient's condition, as measured by the logistic organ dysfunction score (LODS) (Heldwein et al., 2011) . However, this relationship appears valid for just specific categories of patients (Mallor & Azcárate, 2011) . The observed correlation at the HLC was weak at -0.09; this was insufficient to justify developing an admissions' system using LODS to predict ICU stay and select elective patients and help balance the operating theatre time and ICU bed utilisation. Severity scoring systems may have clinical value, their use as management tools can be problematic (Sherck & Shatney, 2011) . 
Developing the simulation
The HLC simulation model was developed using Simul8; although the model focussed on the interactions between the operating theatres and the ICU, these were placed in the context of the whole patient journey from the "decision to treat" to discharge from the ward, as illustrated in Fig.2 . While the model can accommodate deviations from the common patient journey through the HLC, the large majority of patients requiring an ICU stay are elective and they follow the sequence of a scheduled operating theatre procedure, a short ICU stay, transfer to the High Dependency Unit (HDU) and then on to a conventional ward before discharge from the hospital. Preliminary analysis indicated that the major constraints on the HLC's capacity were the operating theatre and ICU bed availability, hence these became the focus of the simulation. The HLC had access to a number of operating theatres; elective surgery was usually restricted to Monday-Friday but the model was developed to explore a range of working practices, including weekend surgery. The operating theatre capacity was usually defined by the number of patients per day: the specialised procedures were long and complex so an operating theatre session was usually dedicated to a single patient. Given the nature of the surgery, the medical condition of the patients is most important and postponements, or cancellations due to organisational difficulties, were relatively common.
In estimating the inherent theatre cancellation rate it was important to distinguish the causes, excluding those cancellations due to a lack of an ICU bed. The theatre cancellation rate was then embedded in the simulation as a simple binomial model of completed procedures, and hence admissions on to the ICU given the daily theatre schedule.
Fig.2 Heart and Lung Centre simulation
While the capacity of the ICU was specified in terms of beds, this was actually determined by the staff availability. The ICU typically had spare bed capacity, providing some short term flexibility and also scope for future expansion of the HLC. The simulation allowed the user to specify the ICU capacity as a staffing 6 profile over the week and also the daily theatre schedule. At the start of each simulated day, the bed availability in the ICU is checked before allocating patients to particular theatre sessions: some theatre sessions will be unused if no ICU bed is available. The key simulation outputs were the number of admissions and the utilisation of the theatres and ICU beds; comparisons of these metrics with historic data helped validate the model and confirm its value as a basis for decision making. Clinical and management staff were very active in the development of the simulation and used it to explore various organisational issues, helping to identify cost effective options for enhancing the HLC capacity.
Staffing and ICU capacity
The simulation model provided a mechanism for assessing the service level implications, given the specified demand and the available resources. However, any estimate of the HLC capacity depended on both the component resource capacities and their management. In particular the assessment depended on assumptions about the deployment of the available ICU staff. Stochastic mathematical programming might be used to determine the optimal allocation of staff (Morton & Popova, 2004) . However, experiments indicated that in the present example a relatively simple staff allocation was sufficient based on the minimisation of an approximation of the expected excess ICU requirement X , given a specified pattern of theatre activity: While the total staffed bed capacity B was constrained by the budget, the number available on any one day was also limited, though in this application this was not a significant constraint. i d was estimated assuming that the contributions from the three components of demand identified in Table 1 are independent with i d (j) being the mean demand on day i for component j of demand (j=1..3). Other studies (Adan et al., 2011) have formulated similar problems but adopted more complex distributions of ICU bed-stay. However, the exponential nature of the length of stay model permits a comparatively simple formulation reflecting the remaining patients from previous days' admissions to the ICU and the 7-day cycle of activity. Each of the three hyperexponential components (j=1..3) of Table 1 , contributes to the mean bed demand on day i (i= 1..7) reflecting the daily theatre capacity t i specified by the week's schedule:
where:
t i = available theatre capacity (number of patients) on day i c = theatre cancellation rate l j = proportion of patients of category j, see Table 1 v j = fitted exponential parameter corresponding to the mean stay for category j patients, see Table 1 .
A high theatre cancellation rate can have a large effect on the demand for beds, especially for the long stay category of patients, j=3. In the current study there was no significant relationship distinguishing the cancellation rates for different categories, though this could be included if required. Exploiting the common summations applicable to the geometric nature of the model of accumulating bed demand, this can be rewritten as: 
Hence considering the sum of the components of the order 3 hyperexponential length of stay model:
Using this estimate of mean daily demand to specify a Poisson distribution of demand in Eq.1, E[X] was minimised using a standard branch and bound integer programming routine to estimate the optimal staffing profile described by b i (i =1..7) for a specified theatre allocation t i (i =1..7).
The assumptions used in determining these staffing profiles were tested in a series of experiments using the simulation. Sensitivity analyses were undertaken considering perturbations about the proposed staffing profiles under three scenarios: well match bed and theatre capacity; beds > theatres; theatres > beds. 25 perturbations of the staffing profiles were examined considered for each scenario; although there were a number of equivalent profiles, none offered any improvement in performance.
Validation of the simulation
Comparisons of the model's key outputs and the observed ICU behaviour suggested that the model was a reasonable basis for management decision making. In particular, there was sufficient agreement in the measures of bed occupancy. The simulated mean occupancy was 15.4 ± 0.2, compared to an actual figure of 14.9. The mean occupancy is affected by assumptions about the starting conditions: the simulation reflects steady state behaviour and adopting a warm-up period to ensure a reasonable starting position; in reality, a series of changes at the HLC meant that this steady state assumption may not be completely true. The distribution of bed occupancy is illustrated in Fig.3 . The deviations in the distributions may be explained by additional complexities in the management of the HLC. In reality there were fewer incidences of very high occupancy (>19 beds) than the simulation would suggest, with correspondingly more examples of medium occupancy. This could be evidence of a greater tendency to transfer patients out of the ICU to help maintain a contingency capacity. While it may well be useful to model this behaviour explicitly (Mallor & Azcárate, 2011) , insufficient data were available in the current study to provide any reliable insights. Fig.3 Comparing the cumulative distributions of simulated and actual bed occupancy
Exploring resource utilisation
A major concern in determining the capacity planning for the HLC was the utilisation of the expensive, scarce resources of ICU beds and operating theatre time. At the time of the study, it was generally believed that the ICU bed capacity was usually the constraining factor in the HLC and the immediate management questions were focussed on exploring options for increasing the ICU bed availability. The simulation was used to assess the possible benefits of increasing the ICU capacity, assuming that the practices of the HLC were unchanged with a theatre cancellation rate of 12% and a mean ICU length of stay of 3.7 days. In this simulation experiment the operating theatre capacity was kept constant with sufficient sessions for 30 patients per week assuming no cancellations; the total staffed ICU weekly bed capacity was varied from 78-128 bed-days adopting the proposed optimum staffing profile in each case. This range of ICU capacity considered in these simulation experiments was much greater than the practical options but it helped highlight some of the underlying relationships between the resources. Varying the ICU bed capacity, alters the bed:theatre balance. This balance was captured using a simple ratio r of the potential bed capacity (B), given the mean length of stay (E[s]), and the daily theatre capacity (t i ) incoporating the cancellation rate (c): Fig.4 summarises the results of the experiment: when the bed and theatre capacity are well matched with an allocation of 97 bed-days per week and r = 0.997, the mean HLC admissions were estimated to be 23.33±0.06 per week; since the experiments considered a situation with substantial waiting lists, the admissions provided a measure of HLC capacity. Increasing ICU bed capacity, even with no complementary increase in theatre capacity, enhances the overall HLC capacity but with diminishing returns as noted in Fig.4 .
Fig.4 Diminishing returns of increasing bed capacity
As the bed capacity increases the theatres become the more frequent constraint and ICU beds are left vacant more often. Fig.5 captures this relationship between the utilisation of beds and theatres for the same sets of simulation experiments, n.b. the theatre utilisation is calculated as a proportion of the total available time and as such the maximum achievable is (1-c) . When there is a substantial surplus of operating theatre time, the utilisation of ICU beds is high; operations can be rescheduled in response to the likely bed availability as patients are transferred out of the ICU. However, if mean bed capacity exceeds the theatre capacity, it is more likely that there will be restricted flexibility in the theatre schedules to respond to variations in bed availability. When the capacities are well matched (weekly ICU capacity = 97 bed-days; r = 0.997), the simulation suggests that an ICU bed utilisation of 89% might be achievable, with a theatre utilisation of 89% (1-c) = 79%. Alternative configurations with different balances of bed and theatre capacity will inevitably result in one resource being less well utilised. The extreme cases illustrate this trade-off: with an ICU capacity of just 78 bed-days per week (r = 0.802) the bed utilisation is 94%, but the theatre utilisation falls to 66%; increasing the ICU capacity to 128 bed-days per week (r = 1.315) would reduce bed utilisation to 75% but the theatre utilisation becomes 87%.
Fig. 5
The compromise between bed and theatre utilisation Both operating theatre time and ICU beds are expensive, scarce resources. Typically the cost of surgery at the HLC is similar to the cost of ICU care (ISD Scotland, 2011) and Fig.6 depicts the combined ICU bed and theatre utilisation assuming equal weighting of the two resources. In this case, the simple measure of the bed:theatre ratio r defined in Eq. (6) provides a good guide to the optimum configuration of theatres and beds with ICU with a weekly capacity of 97 beddays offering an overall HLC utilisation of 84%, assuming an equal weighting for theatre time and ICU beds. The simulation experiments emphasise the relative insensitivity of the overall HLC utilisation to the ICU bed capacity. As long as the bed capacity is within ±20% of the configuration suggested by Eq. 5, the HLC utilisation remains above 80%: any change in ICU bed utilisation is largely compensated by the theatre utilisation. In other facilities the relative costs of surgery and bed-stay may well be different, reflected in a different weighting of theatre time and ICU beds in the overall HLC utilisation. Fig.6 illustrates the effects of different cost assumptions: if the typical HLC patients' surgery costs twice as much as the ICU stay, the balance shifts since it is important to try to make full use of the more expensive theatre time and a larger ICU is appropriate. The converse is also true: if the ICU stay were the more expensive component of the HLC care, the overall utilisation would be optimised with a smaller ICU. The simple measure of beds:theatres of Eq.5 is a useful guide to balancing the resource capacities when the resource costs are equal, otherwise more sophisticated models, such as the simulation of this study, are necessary if the optimal balance is required.
Fig.6 Optimising HLC utilisation
But is an optimal balance necessary? When bed:theatre cost = 0.5, the simulation suggests that the overall HLC utilisation is optimised with a weekly capacity of 113 ICU bed-days, compared to the 97 implied by the simple measure r, see Eq.
6. This provides a 2.1% increase in HLC utilisation, as noted in Table 3 . If bed:theatre cost = 2.0, the simulation suggests an optimal ICU capacity of 88 beddays, providing an increase of 0.5% in HLC utilisation. Even when the bed and theatre costs are not identical, the overall utilisation is relatively robust due to the trade-offs of the component utilisations illustrated in Fig.5 . While the improvements in the HLC utilisations are statistically significant, as indicated by the 95% confidence intervals included in Table 3 , the increases may not always be of great practical relevance. Utilisation is just one performance metric: HLC capacity may be more important. Furthermore, the options available to HLC management can be limited by operational resourcing practicalities, such as the scope to recruit qualified staff and the physical space available.
However, presentations of the results of various sets of simulation experiments, such as Figs. 4-6, helped develop management's understanding of the inter-relationships between resources and identify a practical plan to increase the HLC capacity. 
Utilisation and the interaction of resources' availabilities
One approach to increasing the HLC capacity is investment in additional beds or theatres but the model was also used to explore other possible management actions to enhance capacity. Analyses of the causes of theatre cancellations suggested that some might be avoidable. Improved theatre management can increase theatre availability: reducing the theatre cancellation rate to 5% increases the overall HLC capacity as noted in Fig.4 . This is especially valuable when the bed capacity is high and it is relatively easy to utilise the additional theatre sessions. Other actions focussed on the use of the ICU and the possibility of reducing the length of stay for some patients: this increases the ICU bed availability with a corresponding increase in HLC admissions, as illustrated in Fig.4 by the results of the simulation experiment considering a reduction of 10% in the mean length of stay to 3.3 days. However, the increases in HLC capacity may not always be as great as expected since changing the availability of just one resource alters the beds: theatres balance, and the resource utilisations as reflected in Fig.5 .
Where a single resource dominates, a simple trade-off between capacity and utilisation will typically emerge; increases in capacity will tend to be rewarded with diminishing increases in throughput. However, in the case of the HLC the overall capacity was determined by the combination of the availabilities of two symbiotic resources: beds and theatres. Increasing the number of beds, without increasing the theatre availability, will result in greater competition for theatre time and a reduction in bed utilisation. Failing to manage the ratio of beds:theatres will result in one of the resources being under utilised; it is important to consider the whole HLC system rather than focussing on the performance of one component resource.
Management guidance
Simple comparisons of high level statistics such as admissions and bed occupancy confirmed that the simulation provided a useful approximation to reality and a reasonable basis for capacity planning. A simulation model, with a simplified interface, was delivered for NHS staff use to explore various scenarios describing the possible development of the HLC. In addition to the model, some simple, general guidance was provided summarising the understanding developed from the simulation experiments:  improvements in the efficient use of resources (e.g. shorter ICU bed stay or fewer theatre cancellations) are always beneficial;  investing in additional capacity in either resource will enhance the overall system capacity but the benefits are greater if the resources are reasonably well matched;  increasing the availability of just one resource will result in reducing its utilisation but increasing the utilisation of the companion resource;  the optimum balance between the resources should reflect their relative costs.
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Conclusions
This study illustrates a capacity planning problem in which the daily demand is partly dependent on supply: the bed demand for any given day is a function of both the admissions on that day and also the admissions of previous days, which in turn are dependent on the bed availability for those days. An approximation ignoring these interactions facilitated an analytic formulation, further simplified by the use of an order 3 hyperexponential model of length of stay on the ICU. In this study, the approximation provided a reasonable estimate of relative performance and a basis for comparing options. This was sufficient to identify near optimal practice, such as efficient weekly staffing profiles. However, ignoring the interactions can produce significant errors in the estimates of the absolute capacity; a simulation was required to capture the interdependencies of the ICU beds and theatres, developing a fuller understanding of the subtle interactions and providing a more reliable approach to capacity planning for the whole system.
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